The possibility of obtaining robust edge state of light by mimicking the topological properties of solid state system, have brought a profound impact on optical sciences. With the advent of high-brilliance, accelerator-driven light sources such as storage rings or X-ray lasers, it has become attractive to extend the concept of optical topological manipulation to the X-ray regime. In this paper, we theoretically proposed and experimentally demonstrated the topological edge state at the interface of two photonic crystals having different band-gap topological characteristics for X-ray. Remarkably, this topologically protected edge state is immune to the weak disorder in form of the thickness disorder and strong disorder in form of the positional disorder of layers in the structure, as long as the zero-average-effective-mass condition is satisfied. Our investigation therefore brings the topological characteristics to the X-ray regime, provides new theoretical tools to study X-ray optics and may pave way to exploit some important potential applications, such as the high efficiency band filter in X-ray band.
I. INTRODUCTION
The explorations of topological properties and robust chiral transport have been the subject of intensive research in many braches of physics, from electronics [1, 2] to photonics , acoustic and phononics [26] [27] [28] [29] as well as mechanics [30, 31] . Photonic topological insulators that can manipulate light in a manner similar to the topological insulators controlling the electrons are rapidly developing in the past few years. The early studies are focused on photonic systems with relatively large physical size in the low-frequency micro-wave band, including gyromagnetic materials [5, 6] , bi-anisotropic metamaterials [7, 22] , and coupled resonator waveguides [9, 10, 19] . Recently, based on dielectric photonic crystals (PCs), photonic topological insulators have been realized in visible band and used for light splitting, unidirectional propagation, etc. [8, 25] .
The most remarkable property of photonic topological insulators is that there would be some kinds of topological protection for the light propagation. As a result, photonic topological insulators facilitate the design of novel photonic devices that are robust against the disorder and fluctuations [7, 17, 24] . On the other hand, the short wavelength optical science, particularly in the X-ray region, is undergoing a tremendous development owing to its unique advantages of high resolution in microscopy, spectroscopy and ultrafast dynamics studies [32] [33] [34] [35] . With the advent of a new generation of high-brilliance, high coherent X-ray sources, such as the lab-based plasma source, high harmonic generation, and the accelerator-based large facilities, the advantages of X-ray science and technology are further promoted. To materialize the powerful X-ray tool, novel optics with flexible functionalities are demanded to reflect, focus and shape the X-ray beam in an exquisite way [36, 37] . Beside the application need, modern thin film deposition and nanofabrication technology is also advancing rapidly and one-dimensional (1-D) and two-dimensional (2-D) nanoscale structures with large area have been frequently realized. For example, ultra short period multilayer mirrors with periodic bilayer thickness of 1.6~2.5 nm are developed for soft X-ray water window microscopes [38] or hard X-ray monochromators for synchrotron beam lines [39] , in order to select the desired waveband. In addition, aperiodic multilayer mirrors are frequently produced to achieve broadband angular or spectral response [40] . Two dimensional 15 nm particle arrays have also been fabricated in centimeters area using photolithography [41] . For X-ray devices working in the very short wavelength, the fabricating difficulty is much higher than those working in the visible wavelength. The fabricating accuracy for X-ray devices should be very high and even small perturbations would strongly degrade the performance of the devices. Therefore, given to the wide applications and significant progress of technology for X rays, a question naturally arises: can the topological properties be applied in the X-ray region and enable new phenomena and devices that are robust against perturbations? In this paper, we use a 1-D symmetric PC system to demonstrate the topological band-gaps and the edge states in X-ray band for the first time. Very interestingly, these topologically protected edge states are robust against a variety of perturbations, such as thickness disorder (weak disorder) and positional disorder (strong disorder), which can facilitate the design of novel X-ray filters/mirrors immune to some kinds of disorders.
In general, the edge state can be formed at the boundary separating two PCs having different band-gap topological invariant, such as geometric phase in 1-D systems [14, 27] . As a geometric phase initially acquired from the electron Bloch state, the Zak phase is considered to the a 2 topological invariant (π or 0) for classifying bands of 1-D electronic systems with inversion symmetry [42] . By analogy, for the 1-D photonic system with inherent mirror symmetry, the corresponding Zak phase is a quantized value of 0 or π [27, 42] . In particular, the Zak phase of the bands can be directly determined by calculating the reflection phase of the band-gap [43] .
Moreover, by mapping Maxwell's equations to the Dirac equation, the band-gaps of 1-D PCs with different topological orders can be mapped to the band-gaps with effective negative permittivity or negative permeability [4, 13] . Here, we will verify the topological nontrivial insulators in X-ray band from two kinds of reflection phases and the effective parameters. Considering the interest of fundamental science, we firstly designed and validated the topological edge state in X-ray band.
Actually, almost all the natural material can hardly reflect the X wave and it cannot be used as a reflector for X wave. As a good solution, the X-ray reflector is constructed by utilizing band-gap of multilayer structures to reflect the X-rays. To achieve designed property, periodic structures with the unit-cell size comparable with or even smaller than the wavelength are needed. As a result, the performance of the multilayer structures is often degraded by the fluctuation of the layers and the difficulty of designing X-ray band-gap is how to deposit the nano-meter scale thick multi-layer with layer thicknesses typically oscillating in the range of 1.0-5.0 nm [44, 45] . Here we introduce the concept of topology into X-ray band and realize the X-ray topological edge state.
At this topological edge state, we experimentally demonstrate that the transmission property does not undergo noticeable degradation with moderate degree of disorders, which may relieve the strict tolerance in the fabrication of X-ray filters.
The paper is organized as follows. In Sec. II, by calculating the reflection phases and the effective parameters, we reveal that two photonic insulators with different topological properties for X-ray band can be realized in 1-D symmetry PCs. Moreover, we demonstrated that the topological edge state forms at the boundary separating two PCs having different band-gap topological characteristics for X-ray. In Sec. III, we demonstrated experimentally that the topologically protected edge state is robust against a variety of perturbations, such as thickness disorder and positional disorder. Finally, we conclude in Sec. V.
II. THE DESIGN OF THE TOPOLOGICAL EDGE STATE FOR X-RAYS
We begin with the design of the two 1-D symmetry PCs for X-ray band with different topological properties. This is because the topological property of the symmetric structure is easier to characterize than the asymmetric structure [4, 14, 27] . Two different PCs are marked by and , respectively, as is shown in Fig 
The structure is denoted by ( ) 10 with the thickness of the unit cell and the period of the unit cell are = 4.5 and = 10, respectively. In general, the band-gap realized by PC can be tuned to be closed and reopened by changing the materials or the thickness of the different layers.
Moreover, there is a topological transition in this process [14, 27] . So the with distinct topological properties to can be easily realized by changing the layers of . In order to simplify the experimental operation, the layer 1 and 2 in are tungsten (W) and carbon (C) with = 1.5 , = 1.5 , respectively. The structure is denoted by ( ) 10 with the thickness of the unit cell and the period of the unit cell are = 4.5 and = 10, respectively.
Take the first structure (be marked as ) for example, which consists of alternative layers of 1 ( 1 ) (Cu-Kα line E = 8.04 kev) in the grazing incidence range of ∈ (0.8 , 1.3 ). Next, we analyze the topological properties of and . Particularly, the physical mechanism of the formation of the topological edge state and the corresponding electric field distribution are verified. Firstly, the effective parameters of and can be get by the optimal effective medium theory [4, 47] , which are shown in Fig. 2(a) and Fig. 2(b) , respectively.
By comparing the Dirac equation of electronic system and the Maxwell equation of photonic system, the Maxwell equations can be written as the form of Dirac equation [13] [
where ( ) = ( 2 ) [ ( ) − ( )] denotes the effective mass. is the angle frequency. ( ) and are the effective potential and energy eigenvalue, respectively [13] . Considering the X-ray band-gap of , which can be effective to the epsilon-negative (ENG) metamaterial with negative permittivity and positive permeability, the effective mass is a negative value. However, for the X-ray band-gap of the structure , which can be effective to the mu-negative (MNG) In order to the further verify the topological difference between and , we have also calculated the reflection phase, which is another quantity that is considered to be able to determine the topological property of the band-gap [27] . The reflectance phases of and belong to (−π, 0) and (0, π), respectively, which are shown in Fig. 2(c) . So, we can conclude that these two PCs are topologically distinct. Take into account the losses of C and W layers in and , the incident X-ray will be partially reflected on the incident plane rather than the perfect tunnelling. But in any way, the topological edge state can be localized at the interface of two different topologically distinct structures, as is shown in Fig. 2(d) . Moreover, the topological edge states are protected by the topological phase transition across the interface. Thus they are robust against the defects, the loss, and the disorder, which do not change the topological phase of the structure [17, 24] . . The edge mode is formed at the boundary between two topologically distinct structures and . The reflection at the entrance face of the structure is mainly caused by the losses of C and W layers.
The reflectance of grazing incidence X-ray is performed using Bede Refs software and IMD software [48] . When the X-ray is incident to the , there is a band-gap (painted in green ) in the angular spectrum, as is shown in Fig. 3(a) . Similarly, there is also a band-gap in the angular spectrum (painted in pink ) when the X-ray is incident to , see Fig. 3(b) . It can be found that when the X-ray is incident to the hetero-structure composed of and , the reflection dip will appear in the middle of the band-gap, as is shown in Fig. 3(c) . In other words, the separate and are the insulators of X-ray. However, when the X-ray impinges on the structure combined of and , the structure become nearly transparent because the topological edge state will form at the boundary separating two PCs, which corresponds to the reflection dip α = 1.07 in Fig. 3(c) . It should be noted that this topological edge mode is not limited at the fixed frequency 1.94 × 10 18 and it can be tuned in a certain frequency scope within the bandgap
The reflectance of the edge state in Fig. 3(c) is not zero, which is caused by the losses of C and W layers in and . Considering the three structures mentioned above, we have calculated the reflectance for different frequency and the grazing incident angle, which is shown in Fig. 3 
(d)-(f).
The reflection angle spectra of Fig. 3 
III. EXPERIMENTAL VERIFICATION OF THE TOPOLOGICALLY PROTECTED EDGE STATE
In this section, we experimentally demonstrate our theoretical design of topological edge state in X-ray by fabricating and measuring the corresponding 1-D PC structures. The 1-D PCs with and without disorders are fabricated by direct current magnetron sputtering technique [49, 50] , owing to the extremely small layer thickness. High purity tungsten (99.95%) and carbon According to the theory described in the previous part II, the topological interface state will exist as long as the zero-average-effective-mass ( ̅ = 0) condition is satisfied. In the next, keeping the structure of unchanged and adding some kinds of disorders into , we have revealed that the X-ray edge state in the hetero-structure is robust against a variety of disorders. At first, for the thickness disorder of the layers, we have demonstrated that the topological edge is maintained for the weak disorder when ̅ = 0 is satisfied. The first structure of ′ with weak disordered is marked as ( 1 2 1 ) Subscripts represent the number of the unit cell. In this case, the edge mode in the hetero-structure − ′ is maintained as the case without disorders because the effective-mass of ′ is still ( 1 4 1 ) 2 ( 1 2 1 ) 1 ( 1 4 1 ) 2 ( 1 3 1 ) 1 ( 1 2 1 ) 2 ( 1 3 1 ) 1 ( 1 2 1 ) At last, different from the type of weak disorder added into the structure, in this part, by keeping the thickness of the layers invariant, the robustness of the topological edge state is further examined by adding strong disorder (positional disorder) in the hetero-structure Although this situation corresponds to a strong disorder case, the topological edge is robust against the perturbation because the condition of ̅ = 0 is satisfied, as is shown in Fig. 6 .
Different from the weak disordered structure introduced in Figs. 5(a) and 5(b), although the topological edge state is still maintained in the case of strong disordered structure in Fig. 6 , the reflection peaks near the edge state are obviously suppressed. The whole reflectance curve is very close to the designed result of the corresponding structure which implies an accurate fabrication process. The edge mode remains almost at the same position as the standard structure and the small shift is caused by the little thickness deviation of the composing unit cells between the two samples. It is demonstrated again that, even for strong disorders, the ̅ = 0 condition can still protect the edge mode against randomness, which is very useful in the applications of X-rays. 
IV. CONCLUTION
In summary, topological edge state in X-ray band has been theoretically proposed and experimentally demonstrated for the first time based on two 1-D PCs with different topological properties. This edge state is robust against a variety of perturbations, such as thickness disorder (weak disorder) and positional disorder (strong disorder), as long as the _ 0 m  condition is satisfied. Our system provides a photonic platform for exploring X-ray propagations and developing possible topological devices. Our results may promote the development of X-ray optics by introducing the new topological freedom. Although our results are based on 1-D system, the concept of topological manipulation might be consulted for higher dimensional system and related X-ray devices. Therefore, our investigation not only extends the range of applicability of the photonic topological theory, but also provides insightful guidance to exploring the exciting applications associated with topological transport to higher spectral range.
APPENDIX
For comparison, different geometrical structures with and without disorders are given in Table 1 . The materials and thicknesses of different layers are listed in Table 2 . At last, Table 3 shows the relationship between the _ 0 m  condition and the topologically protected edge state immune to the disorders. 
